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Abstract 

We revisit the old problem of exotic superconductivity as Cooper pairing with finite angular 
momentum emerging from a central potential. Based on some general considerations, we suggest 
that the phenomenonn is associated with interactions that keep electrons at some particular, finite 
distance ro, and occurs at a range of intermediate densities n ~ 1/rg. We discuss the ground state 
and the critical temperature in the framework of a standard functional-integral theory of the BCS 
to Bose crossover. We find that, due to the lower energy of two-body bound states with I = 0, 
the rotational symmetry of the ground state is always restored on approaching the Bose limit. 
Moreover in that limit the critical temperature is always higher for pairs with I = 0. The breaking 
of the rotational symmetry of the continuum by the superfluid state thus seems to be a property 
of weakly-attractive, non-monotonic interaction potentials, at intermediate densities. 
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INTRODUCTION 



Since the original formulation of BCS theory [il,|2j there has been great interest in possible 
new phenomena arising from its generalisation. The earliest example concerns the possibility 
of Cooper pairs having angular momentum quantum number / > 0, thus breaking the 
rotational symmetry of the continuum j^l, J|. Such speculations were based on the assumtion 
of a different shape of the potential describing the effective attraction between fermions. 
Another generalisation concerned stronger values of the fermion-fermion attraction. It was 
realised that there is a crossover, as this strength is increased, from a BCS superfluid to a 
Bose-Einstein condensate of non-overlapping pairs jjjj], with a dramatic effect on the critical 
temperature It turned out that the ground state can be described by a straightforward 
generalisation of BCS theory while the superconducting instability requires taking into 
account "preformed pair" (PP) fluctuations in the normal state 

Experimentally, Cooper pairing with I > was first observed in the superfluid state of 
3 He. Moreover since the discovery of superconductivity in cuprate preovskites jsj], whose 
pairs have d x 2_ y 2 symmetry jljj], several families of "anomalous superconductors" have been 
found. Many of these materials present exotic pairing in the form of a superconducting state 
that breaks the rotational symmetry of the crystal, and they often deviate from BCS theory 
in several other wa ys fill . This led to a resurgence of interest in the BCS to Bose crossover 



particularly in models with exotic 



pairing |2j], [2ja, [2J3, |20, Lill- Liii l2J] ■ On the other hand little attention has been given to 
the physics of the crossover in the context of the original discussions of exotic pairing 0, 0|, 
namely when a central attraction, in a continuum, leads to Cooper pairing with / > 0. In fact 
this is a specially interesting case since the two-body ground state is guaranteed, under quite 
general conditions, 2ll to have I = 0, making exotic pairing necessarily a many-body effect. 
Some obvious questions arise: What type of isotropic interactions lead to exotic pairing, and 
under what conditions? Is exotic pairing possible in the Bose-Einstein (BE) limit, when the 
BCS ground state is a condensate of non-overlapping pairs 0,0,0,0]? Moreover the recent 



achievement of Fermi degeneracy in magnetically trapped, ultra-low temperature gases has 
stimulated speculations that superfluidity 0,0, & ]\ and indeed the BCS-Bose crossover 



may be observable in these systems. Understanding the above questions may guide us 
as to whether exotic pairing is also a possibility. 
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Recently, we and our co-authors have studied the above questions in a simple model that 
features exotic pairing via a central attraction [jy |. In this contribution we revisit them with 
a more general noint of view, using some of the results obtained for the "delta shell model" 
(DSM) of Ref. |3jJ as an illustration. We begin section HU by reminding the reader how, as 
a consequence of the weak-coupling theory of superconductivity, a central potential can, in 
principle, lead to exotic pairing i3, U]. Then we take this old argument one little step further 
by asking: what is the essential feature that makes a particular interaction potential, in 
practice, lead to this effect? Having established the existence of such potentials, and knowing 
what they look like, we move on to outline, in section IHH the main features of a simple, 
but fairly general theory of the BCS to Bose crossover. Our formalism follows a recipe that 
has, by now, become standard Q| (though not the only one (lil l ^) : to introduce bosonic 
pairing fields via a Hubbard-Stratonovich transformation (HST) |4fiL kill and then expand 

nfi 

the action to quadratic (Gaussian) order in those fields. Although limited [ly, such 
scheme suffices for the discussion of the BCS and BE limits. The novelty of our formulation 
is that pairs may be created and annihilated with different values of their angular momentum 
quantum numbers. In contrast, many previous applications of the Gaussian theory assumed 
these internal degrees of freedom of the Cooper pairs to be "frozen" to the desired s Q,!^^ or 
d x 2_ y 2 [3] state. As we shall see these internal degrees of freedom turn out to be important, 
determining some of the key features of the problem. In sections HXl and E] we apply the 
formalism to discuss the ground state and the superconducting instability, respectively, in 
the BE limit, where the original argument for exotic pairing cannot be applied. Finally, in 
section EH we offer our conclusions. 



II. CENTRAL POTENTIALS LEADING TO EXOTIC PAIRING 

Let us begin by recalling some central ideas of the original weak-coupling theory of exotic 
pairing [HO]. Consider a system of electrons, in a three-dimensional continuum, interacting 
via some local, non-retarded, central potential V (r — r') = V (|r — r'|). For simplicity we 
will assume the interaction to take place between electrons with opposite spins and limit 
our discussion to the case of singlet pairing, with angular momentum quantum number 
I — 0, 2, 4, ... As is well-known the Fourier transform 

V (k - k') = J c/ 3 re i(k - k,) - r V (r) (1) 
3 



admits the partial-wave decomposition 



V (k - k') = £ K x (|k| , |k'|) (21 + 1) P t (k.k') (2) 

1=0 

in terms of the Legendre polynomials Pi (k.k') = (21 + l)" 1 Air J2 m Yi,m (k) ^i*m (^') • ^ was 
soon pointed out |3j that in the weak-coupling limit one can use the approximation 

V (k - k') » K lmax (2l max + 1) fl m „ (k.k') , (3) 

where l max is the value of / for which the coupling constant on the Fermi surface, 

Ki^K^kp), (4) 

is largest (hp is the Fermi vector). The approximate form (JBJ) of the potential V (k — k') is, 
for lmax > 0, anisotropic, and it leads to pairing with finite angular momentum quantum 
number l max Q]. 

Let us now try to understand how the preference for a particular value of I comes about. 
To do this one has to examine the relationship between the coupling constant K\ and the 
interaction potential V (r). It can be found by expanding in spherical waves the two expo- 
nentials e ik r and e~ lk ' r in Eq. JTJ); comparison to (J2J) yields 

Kt (|k| , |k'|) = (-1)' / drA-Kr 2 ^ (|k| r) V (r) j t (|k'| r) , (5) 

J 

where ji (x) is a spherical Bessel function. Substituing (JHJ) in Q we obtain 

i r°° 

K l = (-1) 1 drAnr 2 3l (h F rf V(r). (6) 



o 

Thus Ki is a weighted integral of the interaction potential V (r). The weighting factors 
ji (kpr) 2 are shown in Fig. [T] for / = 0,2,4, .. . Evidently for a purely attractive, monotonic 
potential, such as the one in Fig. [21 (a), l max = 0. To have l max > 0, V (r) has to be 
most attractive at distances at which the weighting factors for a finite value of the angular 
momentum quantum number are largest. That is achieved by non-monotonic potentials that 
lead to maximum attraction at some finite distance r , such as the one in Fig. [2] (b). For 
example, provided that the width of the potential well centred on r , namely r c (see figure), 
is sufficiently small, choosing r so that kpr ~ 3 yields l max = 2. 
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Figure 1: The weighting factors in the integral on the right-hand side of Eq. © for pairing with 
the first four even values of the angular momentum quantum number, Z = 0,2, 4, 6. Note the 
logarithmic scale on the vertical axis. 
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Figure 2: Interaction potentials representing on-site attraction (a) and attraction at a finite distance 
(b). 

III. BASIC THEORY OF THE BCS TO BOSE CROSSOVER 



The above discussion implies that, in the BCS limit, exotic pairing can be described 
by an effectively anisotropic interaction, Eq. Q. On the other hand we would like to 
describe the ground state and the superconducting instability also in the BE limit, where 
such approximation may not (and, as we shall see, does not) apply. For this we need to 
develop our theory in a more general framework, and in particular it is important to work 
with a complete description of the interaction potential. For concreteness let us write down 
explicitely the grand-canonical Hamiltonian for the situation at hand. At chemical potential 
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fx, it is |a Eq. (1) (for example)] 



k,cr *-* q,k,k' 

X Cq/ 2 +k,T^q/2-k,| £ q/ 2 - k '.i^q/ 2 + k '-T' ( 7 ) 

It is particularly illustrative to re-write it in the following way: 

H-flN = 2 £kC^C kiCT + ^3 ^ J] K,Z^, m ,q^,m,q- (8) 
k,cr n,l,m q 

Here, c k CT , Ck )(J create and annihilate, respectively, and electron with momentum hh and spin 
a =t, !■ ^k = ^ 2 |k| 2 /2m* — fx is the single-particle dispersion relation (m* is the effective 
mass of an electron) and L 3 is the (very large) sample volume. The additional operators 

K,l,m,ci = 5Z ^ K > ; . m > k ^q/2+kT^q/2-kJ.' (^) 
k 

b K ,l, m ,q = 5Z^,/,m,kCq/2-k|C q / 2+ kT- (10) 
k 

create and annihilate, respectively, a pair with opposite spins, total momentum frq and 
internal wave function re ,z jm ,k = R K ,i (|k|) Yi m (k) , where ?tk is the momentum of one of the 
two components of the pair with respect to its centre of mass. To put the generic Hamiltonian 
(J2j) in the form (JBJ) it suffices to define the "kernel factors" R Ks i (|k|) and "coupling constants" 
V K> i so that they yield the following parametrization: 

^(|k|,|k'|) = i-53y Kj ^(|k|)^(|k'|). (11) 

We may construct the K ,2,m,k and as a complete set of solutions to the eigenvalue 
problem 

53 V (k - k') (p K ,t, m ,lc> = VI Cj J0«,J,m,k, (12) 
k' 

which can be regarded as the result of neglecting, for strong attraction, the kinetic energy 
contribution to the Schrodinger equation for a two-body bound state. 

Eq. (JHJ generalises the usual BCS Hamiltonian by including interaction terms correspond- 
ing to pairs with /iq ^ and different values of the the internal angular momentum, given 
by l,m. This is required for the correct description of the normal state above T c in the 
strong-coupling limit Q] and, as we shall see, to capture the essential physics of exotic 
pairing via a central potential, respectively. The later can be understood, in essence, by 
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noting that the angular momentum quantum numbers /, m describe the internal rotational 
degrees of freedom of the Cooper pairs, and so they are a key ingredient to describe their 
dynamics in the case of a central attraction. The additional index k has been introduced to 
ensure the generality of (jUJ, and it refers to the relative motion of the electrons in a pair 
in the radial direction. Evidently for interaction potentials of the type we are interested 
in such radial motion is "locked" so that the distance between the two electrons remains 
constant, and equal to r . We will therefore disregard these vibrational modes, assuming 
that there is a single kernel factor Ri (|k|) for each value of I. Obviously in that case there 
is a single coupling constant Vi for each value of the angular momentum quantum number. 
This approximation becomes exact in the limit when r c — > and V (r ) — > — oo, keeping 
V (r ) r c = — g constant. Then we obtain th e DSM Q, f eat uringtll e ce ntral ^a sM ; 
potential j^] 

V(r-r') = -g5(\r-r'\-r ), (13) 



for which 



K t (|k| , |k'|) = -gAnr 2 j, (|k| r Q ) 3 i (|k'| r ) . (14) 



Having set up our Hamiltonian, we can now use the standard method reviewed 
deria Q, which has beea appbed to S pec lfl c m odel S b y several authors UUti 



More generally, it must be regarded as a convenient approximation, valid when the potential 
well in Fig. 01 (b) is sufficiently deep and narrow. 

jy Ran- 

hm, to 

discuss the ground state at T = and the superconducting instability at T c . In short we 
introduce bosonic fields A/ m q (r) , A* m q (r) coupling to the pair creation and annihilation 
operators bf >m , hi m q , respectively. In terms of these fields one can define an effective action 
S e ff [A*, A] that determines the partition function of the system: 

Z = jD[A*,A] e -5a//[A*,A]_ 

We then expand it to the lowest non-trivial (Gaussian) order: 

S e ff [A*, A] « S eff [A<°\ AW] + Sf f ) [A*, A] . (16) 

*(0) / N A (0) 



Here A ; ]J (r) , A} ^ q (r) is the configuration of the pairing fields at the saddle point and 

(2) 
eff 

that saddle point. 



(2) 

the Gaussian contribution, S e Jt [A*, A], takes into account fluctuations of the fields about 
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IV. EXOTIC PAIRS IN THE GROUND STATE 



In the ground state, the pairing fields become "frozen" in their saddle-point configurations 
Q. S^ f [A*,A] acquires a trivial form such that / D [A*, A] exp {-Sfj f [A*, A]} = 1, 
Eq. (jTHj) thus becoming Z = exp j— S e ff A*(°),A(°) j. As usual we look for a stationary 



and homogeneous saddle point: 



A (0) M - A (0) A 

A*(°) ( T \ _ A (0)*X 



which yields the BCS ground state |2j. As is well-known this state can describe, at least 
variationally, the BCS to Bose crossover at T = [3, 0, [jjj. The amplitudes A^ are 
related to the expectation values of the pair annihilation operators by A;^ = V\ (bi, m ,o 
The equations determining the saddle point take the following form: 



a£ = ^E{/7^%^U!?L (17) 

I'm' i J ( 27r ) J 



where £ k = y/el + |A k | 2 with A k = £ z>m ^\%Rl (|k|) Y l>m (k) the usual BCS "gap func- 
tion". Evidently this non-linear system of equations may have many different solutions, each 
corresponding to a different superposition of angular momentum states. To determine their 
relative stability one has to evaluate the appropriate potential. If, as usual, we fix the den- 
sity n, treating the chemical potential ji as a parameter to be determined self-consistenly 
, the energy Uq = (^H^ has to be calculated. Quite generally, it is given by 

1 rd*ktf\k\ 2 ( £k x |A^| 2 

nfr-J j2^^\ l -E-J + k^r (18) 



which results from taking the T — > limit of L~ 3 (H) = —L^(3~ l InZ + [in. 

The above equations are entirely equivalent to the usual mean-field theory j^J] for a 
sufficiently general interaction potential (at least, when only pairing correlations are taken 
into account). In particular, in the limit of very weak attraction (BCS limit), the argument 
of section Ull applies. Thus we expect that, for the type of interaction that we are interested 
in, represented in Fig. [2] (b), pairing with I = 2 will be preferred to I = for a range of 
values of the density, n = kp/3ir 2 , such that /cpr ~ 3. In the extreme case in which the 
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attraction takes place only exactly at r = r one expects the densities at which the preferred 
value l max of the angular momentum quantum number changes to be given by 

jo (k F r ) 2 = 32 (k F r ) 2 (19) 



This result, which is degenerate in the quantum number m, is exact for the DSM (|T3j) . and 
it gives the boundaries of a quantum phase transition in which the ground state changes the 
rotational symmetry. 

On the other hand in the dilute, strong coupling limit (BE limit), there is no longer a 
well-defined Fermi surface and the approximation © ceases to be useful. The gap equation 
T7I) describes a two-body bound state with energy e\ = 2 fx and wave function ipk = Ak/2E>k 
and so, evidently, the full functional form of the interaction potential V (r — r') has 
to be taken into account. Since I is a good quantum number for the Schrodinger equation, 
a well-defined angular momentum is a shared characteristic of the BCS and BE limits. On 
the other hand it is easy to show, using /1 <C — , that in the BE limit Eq. (fT8|) becomes 

7V0 = \ne[. (20) 

This equation has a simple interpretation: in the dilute, strong-coupling limit, the system 
is a BE condensate of non-overlapping pairs. Each pair has hq = and they are all in the 
same internal state with energy e l b . It follows that the energy of the system is given simply 
by the formation energies of the individual pairs. Since, for a central potential, the bound 
state with lowest energy always has / = 0, one expects that rotational symmetry is never 
broken in the BE limit. 

Fig. El shows a specific result for the DSM j3| that illustrates the above points. It is 
a phase diagram for the relative stability of ground states in which Cooper pairs have s 
and d x 2_ y 2 symmetries. At weak coupling, pairing with I = is preferred at low and high 
densities, with a quantum phase transition leading to the onset of d x 2_ y 2 pairing in the 
intermediate-density regime. The location of the phase boundary is accurately predicted by 
Eq. (fTHl) . In contrast, as the attraction is made stronger the range of densities over which 
the state with I = 2 is preferred becomes narrower until, above some critical value of the 
coupling constant, rotational symmetry is restored for all values of the density. The d x 2_ y 2 
state is thus confined to a relatively small "island" in parameter space. This result not 
only confirms our expectation that pairing should take place in the s state in the BE limit, 
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Figure 3: Phase diagram of the relative stability of the s and d 2 - y i trial ground states of the delta- 
shell model, taken from Ref. jsj]. In the limit of small coupling constant g, the phase transition 
takes place precisely at the values of the density n = kp/3n 2 for which the condition (|TH|) holds. 
These are marked by the dashed vertical lines. 

but in fact suggests that / = is preferred at all densities, provided that the attraction is 
sufficiently strong. However note that the phase boundary, at finite values of the coupling 
constant g, is not necessarily degenerate in m (unlike at weak coupling). Thus investigations 
carried out with more general trial ground states (allowing, for example, for mixing of s and 
d symmetries) have to be carried out. 



V. SUPERCONDUCTING CRITICAL TEMPERATURE FOR EXOTIC PAIRS 



When the attraction is strong, fluctuations around the saddle-point configurations o 

' the BCS ground state [lj" 



f the 

m 



20, 28 . Our interest here is in 



fields are important to determine the low-lying excitations o 
as well as to describe the superconducting instability at T c |l4 
the later, as we wish to see whether such instability can correspond, in the strong-coupling, 
low-density limit, to the formation of a BE condensate of exotic pairs. 
Just above T c , the partition function (jTHj) is given by 

Z = Z x 5Z (21) 

where Z = exp {— S [0, 0]} corresponds to a free electron gas while 5Z = 
J D [A*, A] exp \ Sgff [A*, A] j is the contribution from PP just above T c . The normal state is 
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composed of a mixture of two gases, one made out of free electrons and the other one consist- 
ing of PP. In effect, on account of (|2Tf the total electron density n (/3, /i) = L~ 3 kBTd In Z/ <9/i 
can be written as 

n(P,ti) = na(P,n) + 6n(P,ti) (22) 

where the first and second terms on the right hand side come from Z Q and 5Z, respec- 
tively. In particular the contribution from free electrons has the familiar form n (/?, /x) = 
2L~ 3 X)k / (/3 £ k) where / (a?) = (e x + l)^ 1 is the Fermi distribution function. As is well 
known in the BCS limit — > oo all electrons are unpaired just above T c so we have n ~ no- 
Conversely, in a dilute system with strong attraction (BE limit) we have n pa 5n: the normal 
state just above T c is composed exclusively of preformed pairs, whose BE condensation leads 
to superconductivity. 

It is important to note that the above functional-integral theory is only valid either at 
weak coupling or for sufficiently dilute systems with strong attraction. The problem is 
(leaving aside the fact that the it relies on an expansion in powers of the amplitude of the 
pairing fields, while neglecting other fluctuations due exclusively to their phase, which are 
essential in two dimensions |4j|) that as the density is increased interactions between the 
PP, which the Gaussian theory neglects, become important. Similarly, when the interaction 
becomes weaker the PP increase their radius and begin to overlap. Quite generally, at low 
densities and intermediate coupling the Gaussian theory of T c must be regarded only as a 
convenient interpolation scheme ja S|i while it fails completely at higher densities (as is 
evidenced for example in the negative bosonic mass obtained for the DSM at sufficiently 
large values of the density and the coupling constant 
in Fig. have been, at least partially, addressed LL 
discussion of T c below refers only to the regions of parameter space in which the standard 
theory can be safely applied at that temperature. These are illustrated in Fig. HJ 

Let us now see what form the above standard equations |3j| take in the case of our fairly 
general model. In terms of the bosonic Matsubara frequencies uj u = 2un / (3 the quadratic 
contribution to the effective action has the form 



. Such limitations (illustrated 
4fj], however for simplicity our 



5g ) / [A*,A]=/3$: £ A* mjq (^)ri Am ,(q,^)A 0n , q (^) (23) 



:(2) f \ * ai _ a* (,., ^r-i 

q.v l,m,l',m' 

where the sums on I and I' extend only over values of the angular momentum quantum 
number having the same parity (both even or both odd). As usual, we start by writing out 
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[39]. 



Figure 4: Validity of the Gaussian description of the superconducting instability [3J|. The theory is 
deemed correct in the shaded areas: BCS limit (weak-coupling) and BE limit (strong-coupling and 
low densities). For the crossover region it can be regarded as a convenient interpolation scheme at 
low densities (below the dashed line), while at larger densities it fails (see text). 



the inverse bosonic propagator explicitly. It is 



L 3 

-—Si^5 r , 



k 



k, iuj v 



iuo r 



(24) 



"V2 

where G (k, iuj n ) = (s^ — iujn)^ 1 is a free-electron Green's function and io n = (2n + 1)tt / (3 a 
fermion Matsubara frequency. This is a slightly more general form of the similar expression 



found in the literature 



ncy. inis is a sli 

Q,Q,HQ. 



Such fairly general bosonic propagator, like the 
one obtained in Ref. |34l | for the DSM, describes not only the centre-of-mass motion of the 
PP existing above T c (represented by their total momentum fcq) but also the freedom that 



they have to change their angular momentum (represented by the labels /, m). On the other 



hand in Refs. 




14, 



n 



20,|2ja] these internal degrees of freedom were not taken into account. In 
effect, the interaction potentials employed in Ref. had the form Q with l max = 



and, therefore, could only lead to pairing in the s state; similarly, the potential in Ref. 
was chosen so that it could only lead to pairing in a particular <i-wave state, with d x 2_ y 2 
symmetry. But for strong central attraction one expects that, just above T c , preformed pairs 
exist with all values of the angular momentum quantum number, as reflected by Eq. (f24^1 . 
The question that we are trying to answer here is what pairs will form a BE condensate at 
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T c ; in particular, whether they can have I > 0. 

As usual the "T c equation" is found as the temperature at which the system becomes 
unstable with respect to pairing fluctuations describing a homogeneous, static field: 

P E A ko (0) r^ %m , (0, 0) A (0) = 0. (25) 

l,m,l',m' 

We obtain 

rf|k|(k| |i2/(|k|)| — (26) 



which is diagonal in I and degenerate in m. In general (f26|) has several solutions (3 C = 1//cbT c , 
corresponding to the formation of a superconducting state with different values of the angular 
momentum quantum number I = 0, 2, 4, . . . Evidently the highest T c corresponds to the true 
superconducting instability, and it gives the angular momentum quantum number of the 
Cooper pairs in the superconducting state, just below T c . 

As expected 3] Eq. (|26|) has the same form as in the mean-field theory and so the 
weak-coupling limit the Gaussian theory reduces to it. In particular the argument for exotic 
pairing in the BCS limit that we recalled above applies also to the critical temperature: thus 
at intermediate densities we expect pairs to form and condense simultaneously, at T c , with 
angular momentum quantum number l max = 2. 

Let us now focus on the BE limit. For sufficiently strong coupling and low densities the 
inverse propagator Tf^ v m , (q, iu u ) can be expanded to the lowest non-trivial order in the 
pair's total momentum hq and frequency uj v p|. Such expansion was carried out in Ref. [3] 



for the DSM, following closely the procedure of |lJ,l2j|. The derivation is entirely analogous 
in the present slightly more general case. In short we find that, after appropriate rescaling 
of the fields, 

r i,z',,n' (q> ^v) = [-iu v - /if (P, fi)\ 5i, v 8 m , ml + b ,ij 1 ,n \ ( 27 ) 

i,j=x,y,z ^ m l,m,l',m' {Pi A 4 / 

(2) 

Thus the action S e Jf [A*, A] describes an ideal Bose gas made out of bosons that propagate 
with some effective mass mfli v m , (/3, /i) and chemical potential /if (/3, ji) (these quantities 
are given by explicit formulae which we shall omit, for brevity). In general the effective 
masses v m , {(3, fi) represent anisotropic dispersion relations that are different for PP in 
distinct internal states. Moreover, their off-diagonal values (I ^ l',m ^ m') may be finite, 
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reflecting hybridization between such states. Nevertheless in the BE limit we have 

m l',m,l',m' (Pi Z 1 ) ~ 



2m* if I = V and m — m! 
oo otherwise 



indicating that the tightly-bound PP propagate freely as particles of mass 2m* without 
changing their angular momentum. This simplifies (|2*31) to 



S$ f [A*, A] = /3 £ £ A U, q M [ + ~ A (P, H) ) A^, q K) (28) 

<W Lrn \ ' 



in that limit. The effective chemical potentials n\ (/?,//), on the other hand, are different for 
bosons with different values of the angular momentum quantum number I. The condition 
for an instability of the gas of preformed pairs to a superconducting state with angular 
momentum quantum number I, Eq. (|26)L corresponds to the BE condensation of the corre- 
sponding PP: $ (j3 c , fMc) = 0. Typically, other PP with angular momentum quantum number 
I 1 ^ I are also present in the normal state, just above T c , however their chemical potential 
is fi b v (/3 C , /i c ) < at the transition so, unless they are also close to their own critical tem- 
perature, they are only present in small number. One can thus neglect such additional PP, 
and check the assumption a posteriori by ensuring that the critical temperatures are quite 
different. Thus we eliminate the sum on I from Eq. (|28jh We can now very easily deduce 
the explicit form of the density equation (|22l) in this case. At the critical temperature, it is 



n 



(&,/!)= Km (/3c), (29) 



m=—l 



where 5ni jm (/3 C ) = 2L 3 J2q9 ifich 2 |q| z /4m*) is the density of a Bose gas that is exactly 



at its BE condsation temperature, T c (g (x) = (e x — 1) _1 is the Bose distribution function). 
Evidently the fact that there are 2/ + 1 values of m lowers the critical temperature: it is 
given by 



k B T c = 3.315- 



n 



2 



n 



2(21 + 1) 



2/3 



(30) 



2m* 

i.e. it is the BE condensation temperature for ra/[2(2Z + 1)] bosons of mass 2m* each. This 
reduces to the usual result 0, Q, Ui3- S| only for bosons with internal angular momentum 
/ = 0: 

fc fl T e = 3.315— (-) for 1 = (31) 



2m* \2 
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For higher values of the angular momentum, the bosons still condense all at the same 
temperature, but they do so as 21 + 1 independent Bose gases, each one corresponding to one 
of the degenerate angular momentum states consistent with that value of I. Obviously the 
crucial consequence of this is that the supeconducting instability in the low-density, strong- 
coupling limit always corresponds to the BE codensation of pairs with 1 = 0. Evidently this 
result is quite generic since the degeneracy in m is an unavoidable featue of any central 
potential. |41 



VI. CONCLUSION 

In these pages we have revisited the old problem of exotic pairing via a central 

potential. According to a well-known argument, a central potential can lead to a supercond- 
cuting ground state in which Cooper pairing takes place with a finite value of the angular 
momentum quantum number / > 0. We have demonstrated that the natural framework 
for that to happen is provided by an interaction in which the distance between the paired 
electrons is "locked" to some finite value r . We have then used the well-known functional 
integr a, fo—n o f toe BCS to Bo S e c_ □ to exp.ore the beWoa, of such 
models away from the original weak-coupling limit. We have found evidence that a quantum 
phase transition, in which the symmetry of the superconducting order parameter changes, is 
associated, quite generally, with this type of interactions. The phase trasition may occur at 
weak coupling as the density is varied, making the preferred pairing channel change, or on 
approaching the BE limit, where rotational symmetry is always restored. The later is a con- 
sequence of very elementary energetic cosiderations, related to the fact that the two-particle 
bound state with / = always has lower energy than those with finite angular momentum 
quantum number. Finally, we have discussed the BE limit of the critical temperature. By 
neglecting preformed pairs with all but one value of /, we have been able to estimate the 
BE limit of T c for different values of the angular momentum quantum number. For / > 0, 
we have found the surprising result that T c is not given by the usual, simple formula for 
BE condensation, but instead it is considerably suppressed due to the 21 + 1 degeneracy of 
the corresponding bound state. This may be an interesting example of the effect of inter- 
nal degrees of freedom of the constitutent bosons on the properties of BE condensates, as 
discussed by Nozieres 
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Our remarks may serve as preliminary steps for a systematic exploration of the possibility 
of rotational symmetry breaking in the possible BCS state of degenerate Fermi gases Q, 

where the distance r could be related to the shape of the interatomic interaction. 
They also provide an indication that some of the features that we have identified Q, Q, Q| 
in the new, delta shell model may be relevant to a larger, and important, class of interaction 
potentials. 
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